I. INTRODUCTION N MANY applications of a semiconductor laser, exter-I nal optical feedback to a laser cavity plays an important role in the performance of the system. In some cases, it induces noise and greatly degrades the capability of information transmission, such as in optical-fiber communications, optical-data storage, and various optical measurements [l] . It is important to know the characteristics of a semiconductor laser with external optical feedback in such systems. On the other hand, it can be applied for practical use in optical measurements, for example, optical-mixing frequency-shifting LDVs [2], [3] and spectral narrowing by a mode selection [4] . Therefore, the characteristics of semiconductor lasers with external optical feedback have attracted much attention from many researchers since their invention [5]- [9] .
It has been already pointed out that external optical feedback affects the oscillation characteristics and the oscillation condition is dependent upon the distance between a semiconductor laser and an external reflector [5] , [6] . The laser-oscillation conditions are changed by shortrange variations of the external-cavity length of the order of wavelength A of light. However, there also exists a change in the oscillation conditions for long-range variations of the order of the external-cavity length (the effective laser cavity length equal to -1 mm for an ordinary In this paper, we discuss the characteristics of a semiconductor laser with an external cavity and the dependencies of the laser oscillation on the amount of external optical feedback and the variations of the external-cavity length. Here, we discuss the fact that the distance of the external mirror from the laser cavity is much smaller than the coherence length and the external-reflector system behaves as a laser with a compound cavity. The theoretical background is presented by using the rate equations in which the effects of multiple reflections of light by the external cavity are taken into consideration. We introduce that the effects of the compound cavity result in an additional gain factor and a phase change in the theoretical derivations. Based on these discussions, the output power and oscillation frequency of a laser with external feedback are obtained as a function of the injection current. Further, we consider the multimode oscillation of a laser with external feedback and try to explain the dependence of the output-power variation on the external-cavity length that is observed in the experiments. Some new experimental results are presented for ratherstrong optical feedback. We also try to explain the obtained results from the point of view of the agreement and disagreement between the internal and external modes. We ignore mode competition in multimode oscillations in the discussion, allowing that our discussion may not be perfect. Despite these drawbacks, the theoretical results agree well with the experimental findings. that we treat here. The output power from a laser cavity (length 1 and refractive index v) is reflected by an external mirror (intensity reflectance R3), which is located at a distance L from the front facet of the laser cavity. The reflected light is directed by feedback into the laser cavity. The internal-intensity reflectances of the front and rear facets are R, and R,, respectively. The rate equations for such a semiconductor laser with external optical feedback have already been derived and extensively studjed by Lang and Kobayashi [5] . However, they only treated the case of small optical feedback and neglected multiple reflections in the external cavity. The case we treat here is for large optical feedback so that we must take account of the higher order multiple reflection terms in the rate equations. In this section, we briefly discuss the rate equations for multiple optical feedbacks and derive the conditions for laser oscillation. The rate equation for the complex field E(t)exp(ilRt) at time t is written by
where CR and w, are the angular frequencies of the laser oscillation and the Nth laser cavity mode, respectively, G is the gain coefficient, and r, is the loss in the laser cavity. The other counterpart of the rate equations is for the carrier density n(t) and is given by
where J is the density of the injection carriers and y is the inverse of the spontaneous lifetime of the excited carriers. The time-dependent function P(t), which is related to the optical feedback including the reflection losses of the laser facets and the external mirror, is introduced in (1). It is a complex function and written by
In (3), the coefficient of -4 in the real part is chosen for simplicity later. It is proved in the following discussion that the real part of p ( t ) represents the additional gain due to optical feedback, while the imaginary part denotes the phase shift of the laser frequency. The function @ ( t ) is time dependent, but it only becomes a function of the dt p ( t > = -$P,(t> + i p , ( t ) .
round-trip time T of light in the external cavity under steady-state conditions.
B. Conditions of Laser Oscillation with an Extemal Cavity
We now consider a laser cavity with external optical feedback as a compound cavity, as shown in Fig. 2 . The reflectances of the front facet and the external mirror and the effect of the phase delay of light due to the external cavity are replaced by the effective reflectance reff at the front facet. Then, the complex gain exp(prD) should coincide with the total loss of the compound-mirror reflections rlreff at the laser threshold, i.e.,
(4)
where rl (the corresponding intensity reflectance is R , ) and re, are defined as amplitude reflectances. We consider a steady-state condition so that the time t of the function P ( t ) is replaced 6y'the round-trip time TD in the laser cavity. The round-trip time in the laser cavity is given by
where c is the speed of light in vacuum. The effective complex reflectance re, is derived from the consideration of the multiple reflections of light in the external cavity. The effective reflectivity has already been calculated and given by [6] r2 + r3 exp ( -i n 7 1 1 + r,r3 exp (-ilRr)
(6)
"eff = where r, and r3 (the corresponding intensity reflectances -are R, and R,) are the amplitude reflectances of the front facet of the laser cavity and the external mirror, respectively, and T is the round-trip time of light in the external cavity and given by We now consider the condition of laser oscillation in the compound cavity. At steady-state oscillation, we can determine the condition of the laser oscillation at the threshold from the rate equations and the relation in (3) as
where Gth is the threshold gain. It is recognized from above equation that p, and pi are the additional threshold gain and the phase shift due to the presence of the external cavity, respectively. Then, the threshold gain and the oscillation frequency are written by
where ro is the loss of the cavity without external optical feedback and given by (13) From the above equations, the conditions for the threshold gain and laser oscillation with external optical feedback are determined and the characteristics of the compound cavity are investigated.
C. Output Power and Oscillation Frequency
The laser output power is linearly proportional to the injection current and increases with an increase of the injection current when there is no external feedback. However, this linearity is lost in the compound cavity. Under steady-state conditions, the laser-output power P with external optical feedback is calculated by solvingthe carrier-density rate equation (2) and is given as a function of the injection current I by
( 1 4 )
Gth
where It,, is the injection current at laser threshold. The coefficient p is determined by the device parameters in the laser cavity and written by
where r is the confinement factor, E is the injection efficiency, h is Planck's constant, T~ is the lifetime of light due to the reflection h e s , and q is the electric charge. Without external optical feedback, the oscillation frequency Cl and the threshold gain Gth are constant, so that the laser output power is linearly proportional to the injection current above threshold. But with external optical feedback, the oscillation frequency and the threshold gain vary depending on the external-feedback power and the external-cavity length. Next, we consider the oscillation frequency of the laser. The laser oscillation depends on the refractive index in the active layer. The refractive-index change is induced by changes of the carrier density and the temperature via an increase or decrease of the injection current. At steady state, the refractive index is linearized as a function of the injection current for small-current variations. Then, the refractive index is written by
where qo is the refractive index at a reference injection current 1, and qr is the proportional coefficient. The angular frequency wN of the laser-cavity mode depends on the refractive index and is given by
I (17)
For a small-refractive-index. change (actually, the change of the refractive index is as small as of the order of the angular frequency is approximated by
where wNo is the standard-resonant-angular frequency
and I, is the frequency-modulation efficiency
IEEE JOURNAL OF QUANTUM ELECTRONICS, VOL. 30, NO. 9, SEPTEMBER 1994 ~ The oscillation frequency becomes not only a function of the parameters of the external-cavity length, but also of the injection current. Substituting (18) into (12b), the phase condition is calculated and given by 1
Solving (21), the relation between the oscillation frequency and the injection current can be determined. The threshold gain is obtained from the gain condition of (12a). Then, the laser output power is calculated by substituting the obtained angular frequency R and the threshold gain Gth into (14). Fig. 3 shows the calculated threshold gain and the oscillation frequency with and without external feedback as a function of the resonant frequency. In the figure, the axis of the threshold gain is normalized by that with no extemal feedback as Gth/GthO and the axes of the oscillation and resonant frequencies are also normalized as a T~/ 2 ? 7 and oNTD/2'rr, respectively. It is easily recognized from (18) that the resonant freqqency is proportional to the injection current. Therefore, the vertical axis in the figure equivalently represents the injection current. Fig. 3 (a) shows the case for no external optical feedback. The oscillation frequency is linearly proportional to the injection current in this case. On the other hand, the linear relation is lost in Fig. 3 (b) and (c) due to the presence of external feedback, and the threshold gain varies periodically with the resonant frequency change. At large optical feedback, both the threshold gain and the oscillation frequency show bistable states, as shown in Fig.  3 (c).
D. Dependence of Output Power on Extemal-Cavity Length
For a single-mode laser, laser oscillation undergoes a periodic change depending on variations of the extemalcavity length equal to h/2, which is equivalent to the phase change of 27r in the external cavity. In our experiments, except for this short-range periodic structure, we observed output-power undulation, which has a fundamental period of the effective internal-laser-cavity length 71. Further, with an increase of external feedback power, several subdips within the fundamental period are observed. It is difficult to explain this effect for laser oscillation under single-mode operation. To explain this effect, we consider two-or many-mode oscillations for the semiconductor laser. In the following discussion, we assume that the modes are independent of each other and neglect mode competition among each oscillation mode. Such a treatment is not always true under actual conditions of laser oscillation [lo] . However, the qualitative discussion is possible and the experimentally observed phenomena can be well explained by such a model.
For independent two-oscillation modes, the threshold gain for each mode is written by 2 GNth = r, + -g(r3, T , From the above discussion, the maximum power of the laser oscillation is realized when the following condition is satisfied:
where m = M' -M and n = N' -N. When N' = N + 1, which is possible in this case, this relation reduces to L/q1 = m. This means that the maximum output power is attained at the external-cavity length equal to integer multiples of the effective-laser cavity length ql. The total output power at the maximum condition is calculated from a linear summation .of each mode power as . * i Fig. 4 shows the calculated result of the output power as a function of the external-cavity length L for two-mode oscillation at n = 1. The curves are plotted for the different values of the feedback-intensity reflectance. The maximum power occurs at integer multiples of the effective-laser-cavity length and the dips of the output power are seen at increments equal to half of the effective-cavity length. It is noted the large dips in the output power are realized at rather-moderate optical-feedback intensities. In the experiments, several subdips are observed between the maximum powers when the intensity from the external reflector is enhanced. The effect is explained by the multimode oscillation between the distant modes or the multimode oscillation in more than two modes. It is obvious that the total output power at a multimode oscillation of more than two modes is calculated from the summation over all the respective intensities.
EXPERIMENTS AND DISCUSSIONS
The experimental setup for studying the characteristics of a semiconductor laser with external optical feedback is shown in Fig. 5 . The semiconductor laser used is a singlemode CSP laser diode (Hitachi HL7801E), which oscillated at a wavelength of 0.780 pm and a maximum power d I of 5 mW. The threshold current of the laser was 50 mA. The temperature of the laser was stabilized by an automatic-temperature-control ( A T 0 circuit. The injection current to the laser can be modulated by an alternatingcurrent drive circuit. The emitted light from the laser diode (LD) was collimated by a lens (L) and split by a beamsplitter (BS). One of the beams was reflected by an external mirror (M) through a variable neutral density filter (U-ND) and fed back to the laser cavity. The mirror was mounted on a motor-driven moving stage controlled by a microcomputer. The step of the control was 4 pm. The other beam was fed to the frequency-measuring system. The oscillation frequency from the laser was investigated by the system. The output power emitted from the rear facet of the laser cavity was monitored by a photodiode (PD) installed within the laser-diode package. We adopted two types of frequency measuring systems in the experiments. One .was a Fabry-Perot interferometer and the other was an unbalanced Twyman-Green interferometer.
It is very difficult to determine the exact amount of external-feedback intensity to the laser cavity. In the actual experiments, we simply employed the value of the fraction of the feedback intensity at the exit face of the lens (L) for the intensity emitted from the lens as an external reflectance. The lens was the objective lens of a microscope and its magnification and numerical aperture were x 1.0 and ~0 . 2 5 , respectively. The power emitted from the laser cavity was truncated by the lens aperture to produce a well-defined collimated laser beam. Further, the radius of the returned beam at the laser front facet was much larger than the size of the active layer due to the diffraction. Therefore, the actual feedback intensity to the laser cavity was reduced to one over several tens or roughly one-hundredth of our employed feedback ratio. It is shown later that our experimental data can b i compared with the theoretical results for the feedback-intensity ratio of about one-hundredth of the experimental ratio. Fig. 6 shows the observed output power for the injection current change. The bias current of the laser was 70 mA at 20°C and the injection current of the laser was modulated by a triangular wave at a frequency of 200 Hz. In the following discussion, the same conditions for the bias injection current, the temperature, and the modulation frequency were used. The modulation width of the injection current was k 1 mA. It was confirmed that there were no mode hops originating from the internal-mode transitions within the modulation-current range at that temperature. The undulation of the output power with the increase of the injection current can be seen in the figure. At the same external-cavity length, the undulation can be clearly observed with an increase of the feedback intensity, as shown in Fig. 6 (b) and (c). From Fig. 6 (b) , one can see the hysteresis in the output power. The same results have been observed in previous work [5]. But the effect is reduced for a long-external-cavity length at the same intensity reflectance. In Fig. 6 (c) , the amplitude of the undulation of the output power becomes small compared with that of Fig. 6 (b) . The period of undulation is roughly half that in Fig. 6 (a) . This effect is explained from the oscillations of several submodes, as shown later. Fig. 7 shows the calculated results of the output power against the injection current for different external-cavity lengths. The amplitude of the undulation becomes larger for a larger intensity reflectance. The period of undulation becomes small with an increase of the external-cavity length. This tendency qualitatively coincides with the observed results in Fig. 6 . Remarkable bistable states are seen in the output power, especially for the case of a large-feedback ratio. But the amplitudes of the undulation remain unchanged as long as the intensity reflectances are the same, under the assumption of singlemode oscillation of the laser. This result is discrepant with Injection Current Injection Current .Injection Current the observed experimental data in Fig. 6 . As already discussed, the values of the intensity-reflectance ratio used in the theoretical calculations are as small as onehundredth of those for the experiments.
The dependencies of the laser-oscillation frequency on the intensity reflectance and the external-cavity length were studied. Fig. 8 shows the laser-oscillation frequencies monitored through the Fabry-Perot interferometer plotted as functions of the intensity reflectance and the injec- tion current. The free-spectral range of the Fabry-Perot interferometer used was 7.5 GHz. Without external feedback, the laser frequency changes linearly with a change in the injection current, and the frequency modulation efficiency I, defined in (20) was measured to be 3.85
GHz/mA. The horizontal axis shown in the figure represents the frequency. At a short-external-cavity length, the mode of the oscillation becomes rather instable and the mode hop proportional to the external-cavity length (around 1 GHz for a 10 cm extemal-cavity length) can be seen in Fig. 8 (a) . With an increase in the extemal-feedback optical power, the laser oscillates as if it were a multimode oscillation with an external-cavity spacing as shown in Fig. 8 (b) . But, for the longer external-cavity length shown in Fig. 8 (c) , the oscillation becomes stable Fig. 8 (a) , even for the same intensity reflectance. With a larger feedback power and a longer external-cavity length, the laser oscillation appears stable and has many submodes whose spacings are equal to the external-cavity length shown in Fig. 8 (d) .
It is not easy to conduct a quantitative study of laser oscillation for the results obtained in the Fabry-Perot experiments. Therefore, the frequency change of laser oscillation due to external optical feedback was investigated by using a Twyman-Green interferometer in the experimental setup shown in Fig. 5 . The injection current to the laser was modulated by a triangular signal. Then the interference output P , from the Twyman-Green interferometer is given by [11 J where P ( I ) is the power proportional to the laser power in (14), V is the fringe visibility of the interferometer output, and D is the difference of the lengths between the interferometer arms. Here, the power P and the frequency fl are described as explicit functions of the injection current. From this relation, we can investigate the change of the oscillation frequency more precisely. Without external feedback, the interference output power is as shown in Fig. 9 (a) . The upper part of the figure shows the time signal of the triangular injection current modulation and the lower part shows the result of the output power. The output power varies with an increase of injection current as is easily understood from (28), because the laser-output power is linearly proportional to the injection current. The amplitude of the modulation is 5 1 mA and its frequency is 200 Hz. The peak-to-valley value of the modulation signal corresponds to 7.70 GHz for the laser-oscillation frequency. The length D of the difference of the interferometer arms was chosen to be about 5 mm. Fig, 9 (b) and (c) show the results with external feedback at the same feedback power. With an increase of external-cavity length, the width of the small periodic undulation in the modulated power increases. This small undulation corresponds to a change of the oscillation mode when the external-feedback light is returned to the laser cavity. The mode hop of the oscillation frequency can be calculated from the number p of the undulations included within one-half of the frequency of the triangular signal as 
~
The theoretical calculation of the interferometer output power for the modulation of the driving current was achieved by substituting (21) and (28) and is shown in Fig.  10 . The values of the parameters used in the calculations were almost compatible with those of the experiments. Fig. 10 (a) shows the modulation signal of the triangular wave and Fig. 10 (b) shows the interference output power from the Twyman-Green interferometer without external feedback. Fig. 10 same intensity reflectance. By considering the previously mentioned differences in the values of the external-mirror reflectances between the experiments and the theoretical calculations, the qualitative agreement between the experimental and theoretical results is seen. The dependence of the laser-output power on the change of the external-cavity length was studied. At the range from 15 to 19 mm from the front facet of the laser cavity, the external-cavity length was changed by moving the external mirror on the motor-driven table. The results are shown in Fig. 11 for different external-feedback intensities. At small optical feedback, as shown in Fig. 11 (a) , the dips of the laser-output power appear periodically, as discussed in Section 11-D. The period of undulation in the output power is about 1.2 mm. Using the values of the cavity length -300 p m of the laser diode and the calculated effective refractive index qefi -4, the effective-laser length is roughly estimated as 1.2 mm. The estimated length agrees well with the experimental period. However, the effective-refractive index is strongly dependent on the respective materials and the device, so that this device parameter must be directly measured for a more precise comparison. In Fig. 11 (a) , it is considered that two modes are mainly oscillating as assumed in the previous section. At the same external-cavity length but with larger optical feedback, many large dips are observed within the effective-laser length due to multimode laser oscillation, as shown in Fig. 11 (b) . Fig. 12 also shows the dependence of the output power on the variations of the external-cavity length. The difference between Fig. 12 (a) and (b) is the location of the external mirror. The external mirror is located a small distance from the laser cavity in Fig. 12 (a) , while it is located a rather long distance away in Fig. 12 (b) . The ranges of the external-cavity variations for both figures are the same. When the external cavity is not located as far from the laser cavity, we can observe dips due to mode interference. However, only a slight undulation can be seen in the laser output power when the external cavity is located far from the laser cavity. One of the possible reasons is the degradation of the coherence of the laser oscillation. But the coherewe length, in the usual sense, is much longer than the length treated in Fig. 12 (b) . We consider another reason for the disappearance of the dips at a long-external-cavity length as follows. Here we assume that the laser oscillates at only two internal modes, but with each mode containing accompanying external modes. Fig. 13 shows the schematic illustration of the phase condition calculated from (21) and the internal-laser modes for a certain external feedback. The horizontal axis is the frequency. From (20, the phase condition of laser oscillation with the external cavity is satisfied at the intersections of the periodic function and the linear curve modes oscillate at integer multiples of the internal mode as shown in Fig. 13 (a) , each internal mode oscillates at its maximum power and the total laser output power is maximized. On the other hand, for example, if one or neither of the internal modes satisfies the maximum gain condition as shown in Fig. 13 (b) , the total output power decreases. For large external optical feedback, there is a great possibility of multimode laser oscillation. This situation corresponds to Fig. 11 (a) . On the other hand, when the external-cavity length is large, the powers of the adjacent modes become small and the laser oscillates at multimode. The situation corresponds to Fig. 12 (b) and is illustrated in Fig. 14. In this case, many submodes accompanying the internal modes oscillate due to the external feedback. Fig. 14 (a) shows the case where the externalcavity length coincides with integer multiples of the internal-cavity length. Fig. 14 (b) shows the case for a discrep- ancy between the internal and external mode lengths. In the cases shown in Fig. 14, the differences of the total output powers are reduced due to the presence of many oscillation modes. The consideration here gives a qualitative explanation for the experimental results in this paper.
IV. CONCLUSIONS
We have discussed the characteristics of a semiconductor laser with external optical feedback by using a compound-cavity model. The oscillation frequency and gain conditions of the compound cavity have been derived by considering multiple reflections of light within the external cavity. The oscillation characteristics are strongly dependent on the feedback intensity and the external-cavity length. The theoretical explanations for the experimentally observed results have been given and a qualitative agreement between the theory and the experiment has been obtained. Thus, it is proved that the characteristics of the oscillation of a semiconductor laser in the presence of external optical feedback can be explained by the rate equations by considering multiple reflections of light in the external cavity, even for large optical feedback.
We have assumed two modes oscillation for small and long external feedback lengths to explain the experimental results. However, we have neglected mode competition or multimode oscillation of more than two modes. In actuality, such is the possible case for large optical feedback. Therefore, multimode oscillation and the mode . competition should be taken into account for precise comparisons and further considerations of an exact theory for the compound cavity. We also neglected the noise induced by optical feedback which, in actuality, is related to mode competition. The noise induced by optical feedback plays an important role in laser oscillation of the compound cavity.
